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A new discrete heiarchy of integrable equations is generated from a new Lax Operator
and a canonical Bécklund transformation of the system is derived using Sklyanin’s for-
malism, based on the classical r-matrix. By quantising the system a quantum analogue
of the corresponding canonical Bicklund transformation is obtained and certain prop-
erties of the associated Q-operator are examined. Finally the analytical Bethe Ansatz is
used to solve for the spectrum.
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1. INTRODUCTION

In the study of completely integrable systems, a special place is held by mod-
els which are discrete in nature, owing to the existence of concrete methods for their
quantization (Korepin et al., 1993). An elegant feature of any integrable system is
its proliferation of its solutions obtained by means of a Bicklund transformation
(Sklyanin, 1999). Recently a new approach for studying Bécklund transformation
was initiated by Sklyanin et al in case of discrete integrable systems. The Biacklund
transformation (CBT) derived by this method had its additional feature of being
canonical transformations, by the very nature of their construction: being derivable
from a suitable generating function. Further more their canonical nature enables
one to continue to the quantum domain and it is possible to deduce the Baxter’s
Q operator which represents in some sense the quantum counterpart of the clas-
sical Canonical Bicklund transformation . In the quantum regime it is legitimate
exercise to explore the excitation spectrum using the appropriate version of
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the Bethe Ansatz. On closer examination it is found that the entire procedure
for obtaining such canonical Bicklund transformations is an outcome of the
theory of classical r-matrix theory first formulated by Semenov-Tian-Shansky
(in press).

Over the last couple of decades, the quantum inverse scattering method
has become a standard technique for determining the exact eigen values and
Bethe states for a wide class of integrable models mostly by means of algebraic
Bethe Ansatz. However quantization of Bicklund transformation is a much more
recent notion. Indeed Skylanin’s elegant method of deriving canonical Bicklund
transformations is crucially dependent on finding two different representations of
classical r-matrix equation

{L(x, ) ¢ L(y, )} =[r(x — p), L(x, 1) @ L(y, w]d(x — y)

as will be evident in Section 3.

In this communication we have introduced a new Lax operator and have de-
rived a new set of discrete nonlinear integrable equations in Section 2. The canon-
ical dynamical variables may be identified through the trace identity technique of
Zhang et al. (1991). In Section 3 we have obtained the canonical Béacklund trans-
formation for the system and its generating function. In Section 4 we have breifly
outlined the construction of the corresponding quantum mechanical counterpart
and have obtained the Q operator. Finally, in Section 5 by using the analytical
Bethe Ansatz we have obtained excitation spectrum.

2. FORMULATION

We consider the following discrete Lax operator defined at the nth lattice site

by
0 —X, 1
L, = (2.1
Xp U+ ippXn
and satisfying the corresponding lax equation
1pn-&-l = Iy (2.2)

where u is the complex spectral parameter. The time evolution of ¥, is given by

w:ht = Vatn. 2.3)

In Eq. (2.1) x, and p,, are the dynamical variables satisfying the poisson brackets

{Pu> xm} = 8ums {Pn> P} = (X0, X} = 0. 24
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We begin by writing the time evolution matrix

V All Bn (2 5)
" Cl’l Dil '

with the usual expansions of A,, B, etc. in the following form:

m

A, = Z wa!, B,= Y u'bl. 2.6)

i=—m i=—m

For example we consider here the simplest case when m = 1, so that

1 n n n

Ay(u) = —aly +ay + uaj
1 n n n

B,(u) = ;b_] + by + ubj
1

Co(w) = —c" | + ¢y +uc] 2.7
u

1
D,(u) = ;dfl +dy +udy.

Then the compatibility condition of (2.2) and (2.3) leads to the following coupled
nonlinear system

Xy = —(@" —d"x, —i(a —d)p;' +ipuxy(a—d)
Pus = —ila —d) (5,2 %041 = x, ) + pal@” — d")

+ix, (a' —d') — ix,pr(a — d) (2.8)
where
ay = a” = constant, a} =a = constant, a", = a’ = constant
dj = d" = constant, d{ =d = constant, d", =d’ = constant
by =x"a—d) b =0 b",=—ix*p d~d) (2.9)
g =x,d—a) c}=0 ", =ip '@ —d).
If we set

@ —-dY=a=-1
(@—-d)=8
(a—-d)y=y=+i

+i
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then (2.8) may be expressed in the form

Xnt = xn(l - ann) + pn_l

Pnt = _pn(l - ann) + ('X”'H 2 * - 1 ) (210)
X, Xn—1
It may now be easily verified that the symplectic structure deduced from the
trace identity formulae of Zhang et al. actually leads to the Poisson brackets (2.4).
Having derived the new hiearchy of discrete nonlinear equations (2.8), we
next proceed to study one of its most interesting properties—namely the generation
of new solutions from existing ones.

3. BACKLUND TRANSFORMATION

The Lax operator given by Eq. (2.1) together with the basic poisson brackets
(2.4) immediately leads to the following fundamental poisson brackets for the Lax
operator, viz.

{Ln(u) § L)} = [r(u, v), Ly() @ Ly (v)18um 3.1
where r(u, v) represents the classical r- matrix and is given by
iP

r(u,v) = ,
u—v

with P being the permutation operator satisfying P(x ® y) = y ® x. In order to
find a local canonical Bicklund transformation for the above system, i.e

By (pr, xx) —> (Pr, %i)- (3.2)

We employ the technique devised by Sklyanin in Sklyanin (1999). We assume that
the transformation depends on an arbitrary complex parameter A. Owing to the
canonical nature of the transformation the Hamiltonians and associated Poisson
structure should remain unchanged when expressed in terms of the new variables
(Pk» Xr). As stated earlier the main requirement is to find another Lax operator
M, (u) possessing the same r matrix and satisfying the relation (3.1). The point
here is that of the several matrices obeying the r-matrix relation (3.1) one has to
choose a particular one which satisfies the following :

My (u, M) L(pr, xi;u) = L (Pr, s u) My(u, %), k=1...N (3.3)

where N represents the total number of lattice sites. Relation (3.3) is assumed
to hold for the values of the spectral parameter u. To account for the dynamical
variables involved in the definition of M (u; A), Sklyanin formulated an elegant
method based on the concept of an extended phase space. That is, besides the
basic variables (py, x) and (P, X ), one needs to consider additional phase space
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variables (g, rx) and (sg, #;), known as auxiliary phase space variables required
to define My (u, A); so that Eq. (3.3) should be written as

My, 25 g, 1) Le(us pes xi0) = DeCus P, ) MiCu, A s, 1) (3.4)
with (gx, ;) and (s, ¢;) satisfying the poisson brackets
(e, i} =6k, sk, 1) = 8-
g g} = 0={re,r;}, sk, 553 =0= {1, 1;}. (3.5)

Since the local Bicklund transformation of B of Eq. (3.2) is assumed to
be a mapping from (py, x;) to (Py, Xx), the auxiliary variables (g, r¢) and (s, )
involved in Eq. (3.4) should ultimately be eliminated. To this end we shall impose
the following constraints

Sk = qk—1, Ik = rg-1. (3.6)

Regarding the particular choice of M;(u, A) we consider the Lax operator

u—Xr+qgire Clk> 37

Mi(u, A q, 1) = (
193 1

Substituting (3.7) into (3.4) and equating coefficients of the different powers
of the spectral parameter u, leads to the following set of equation:

G = =%, —F=t, @ =x".
Xp = Xp(Sete — M) + ity prXy
TSk + i ke = —rixg '+ ipexs (3.8)
=% = x O = qur) + iqprxe

We solve the above set of Eqgs. (3.8) for the following variables.

Iy = =%k, kaxk_l
. A 1 143
pp=—|\—+= |+ (3.9)
Xk Xk xk
. A Xk
pp=—\+—75+5-
Xk xk

Upon imposing the constraints stated in Eq. (3.6) in Eq. (3.9) we obtain
A 1 x
Wﬁ?<—+7+l;)

Xk Xk Xi

Pr=—F—+35 (3.10)
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Equation (3.10) represents the requisite local Biacklund transformation be-
tween the variables (py, xix) and (pg, X ). Furthermore, it may be easily verified
that these equations may be derived from a generating function F(X; {x;}, {*x})
i.e.;

_9F
Pk = ™
OF
Pk=—7— (3.11)
Bxk
where
l X X X
Fus {xi)s {ik})ziZ{—ﬂ+~—k+Mn~—k}. (3.12)
— o % =7t

4. CONSTRUCTION OF Q-OPERATOR AND ITS PROPERTIES

An interesting aspect of the quantum mechanical consideration of integrable
systems, which has emerged in recent times, is that Baxter’s Q-operator, which
was originally deduced in the context of lattice models in solid state physics, is
nothing but the quantum version of a canonical Bécklund transformation. The
constructon of Q-operator is based on the idea of finding an integral operator R;
defined by

Iéxqﬁ(x,q)=/dxquRx(i,SIx,q)qﬁ(LCI). 4.1

Recalling the fact the canonical Bicklund transformation discussed in the pre-
ceeding section, represents a mapping from the variables (pi, x) —> (Pk, Xr),
the first step in the construction of the Q-operator or more specifically R consists
in representing the Lax operator /; (1) of Eq. (2.1) in terms of differential operators
satisfying the basic quantum mechanical commutation rules

[pr, xj1 = —indyj,  [Pr, X;1 = —indy;. 4.2)
Here we adopt the following representations of p; and p; namely
.0 . .0
Pk = —IN—, DPk= "IN (4.3)
8xk Bxk

such that the local quantum mechanical Lax operator /;(u) assumes the following

form
0 0 —xk_l
L (pi, xi, u) lk( lnaxk,xk,u> (xk “+’Iaikxk> 4.4)
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while the matrix My (g, r, u — A) becomes

U — A+ nGig, qk>

ng { 4.5)
k

Mk(bt - )\.) = <
The crucial point in the determination of any Q-operator is that it commutes
with the trace t(u) of the monodromy matrix 7 (#) = ]_[,1:’:1 I (u). This will be true

if the kernel of the operator R; viz R; satisfies the following relation (Kuznetsov
et al., 2000)

0 0 - 0 0
RM\u—A,q, — |Il|\ux, —=Il{u,%, = |M|u—Xx,s, — | R, (4.6)
aq ox ax as

where for notational convenience we have omitted the lattice site index “k.”
Consequently we have the following relation:

X u—r+ngz q\ (0 —x7!
A
r}% 1 x u—i—n%x

0 —5! u—A+nsd s
. . T 1% R;. “.7)
X u+ngx N3s 1

Utilising the properties of adjoint operators we can shift R; occuring on the
left hand side of (4.7) to the right, whence upon equating the coefficients of he
powers of u, we are led to the following set of equations:

oR
S _ 4% g 4.8)
as nx-!
(g—x"HR, =0 4.9)
oR oR
ng [x—2 —x "= ) = (L +nx' + 3R, (4.10)
0x aq
) ) OR,  ,_ 9°R,
(x + AD)R), = n(Fs + n)—= + n°% 4.11)
as asan
oR JR oR X
x_l_)b_x_}h_y_)xz E—i—] R)“ (4.12)
aq 0x dy n

Upon solving the above set of partial differential equations we arrive at the
following solution for the kernel R;:
B )\Tr] - ()\4:271) xk x"ksk 1
Ru(X, sklxe, i) = ppx" X, " ex <—~ — =) (@ —x"). (413)
Xk n
Here p;, is a normalisation constant, whose value will be fixed later. Knowing
R; we can construct the Q-operator, which is defined as the trace of the product
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of R as follows (Ghose Choudhury and Roy Chowdhury, 2000):
N
O, =tr[[RY,, (4.14)
k=1

where we have introduced additional inhomogeneity parameters {ci}i_, at lattice
sites. With the aid of (4.13) we may define the kernel of the Q-operator by

N
K. = /dQN--~/dq1l_[R)ﬁck(fkaCkaﬂxkak) (4.15)

k=1

where we have imposed the condition s; = g;—;. Using (4.13) and writing u; =
w we may express the kernel of (4.15) by

N ~
K =[] ool 5" exp (x—k - ) (4.16)

X Xj—
i1 NXk MXk—1

whence upon taking the logarithm of Eq. (4.16) one obtains

N ~
log K}» = Zlog lo)ufckx]gkili]:“k eXp x_f _ Xk
P n¥  Nxi-

Xk—1

N ~
_! 3 [(,\ — ¢x)log <ﬂ) L x—"} +Y A @17
n =1 Xk Xk X

where

A = —pilogn + log M (4.18)
2§ sin(7r g )
is a quantum correction. The appearance of I'(u;) will be apparent from what
follows. But it is evident from (4.17) that the exponential of the classical generating
function F'(X) for canonical Biacklund transformation as given by (3.12) is related
to the kernel K and represents therefore the semi classical limit. From equations
(4.1) and (4.13) we observe that for any suitable function ¢(g, x)

Ric:¢(x,q) — f dx / dqR;_ (%, s|x, 9¢(x, )

A—ctn __ (h—ct2n) X xs 1
= [dx[dgp,—cx 7 X 1 exp Fra- 8(g —x)p(x. q)

(4.19)
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Consequently if ¢(g, x) = 1 then one can write (4.19) as

A—ctn

R X n A—ctn ~_1 X Xs
Ri c:l+—— py_o | dx| — n o X exp|l———1. (4.20)
nx nx n
Introducing o = —% and z = —% allows us to express Eq. (4.20) as
Amet2n Aot —
Ric:lr— —py_en 7 e | (—0o) e ‘do. (4.21)

Next from the integral representation of Euler’s Gamma function (Roy
Chowdhury and Ghose Choudhury, 2004) viz.

1
P = —5re / (—0)'"le™do. (4.22)
2i sin(zt ) J,
where the contour C is depicted in figure [1]. We may express (4.21) in the form
Ri_c: 1 —> py_cn™e®2i sin(ru)T'(w) (4.23)

where u = (A — ¢ 4+ 2n)/n, so that we may fix the normalisation factor p;_. by
letting

nH
== ——— 4.24
Phe = S sin(r )T () (4.24)
which enables us to write
Ié;\_c 11— e_Th
with
Ry_(%,s|x,q) = Lx““f‘“ exp X X—S 8(g —xh
AT T Qi sinGr T () ko '
(4.25)

The expression for the quantum correction given by Eq. (4.18) is evident from the
above form of R;_. as given in Eq. (4.25).
We shall next consider how the spectrum of the system may be analysed.

5. ANALYTICAL BETHE ANSATZ

As stated earlier in section one, derivation of the spectrum of the model
constitutes an important aspect of any quantum mechanical analysis of an inte-
grable system. To this end we consider the quantum mechanical version of the Lax
operator in Eq. (2.1) in which the discrete dynamical variables (x,, p,) are con-
sidered to as non commuting quantum mechanical variables obeying appropriate
commutation relations as given by Eq. (4.2)
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In the quantum regime the Lax operator satisfies the following algebra, which
serves as the defining relation for the quantum R-matrix:

R(u — v)li(w) ® Li(v) = L)l (W) R(u — v). (5.1
For the model under consideration the quantum R-matrix is of the form
u—v—in 0 0 0
0 —in u—v 0
R(u —v) = } . 5.2)
0 u—v —in 0
0 0 0 u—v—in

The corresponding monodromy matrix is defined by
Ty@) = In@)ly-1(u)...1(u) (5.3)

and the transfer matrix is obtained from the trace of Ty (u) i.e.

N
t) = trTy) = tr | [ L) (5.4)
k=1

It is well known that Eq. (5.1) then implies,
R —v)Ty(u) @ Ty(v) = Ty(v) ® Ty (u)R(u —v) (5.5

which may be regarded as representing a kind of global version of the local relation
(5.1). From Eq. (5.3) itis evident that Ty (x) is a2 x 2 matrix with operator entries,
so that formally we may express Ty (u) in the form

Ay(u) By(u)
T = .
v (cN(u> DN(w) 60
so that

t(u) = Ay(u) + Dy(u). ()

From (5.5) it is a staright forward matter to derive the following commutation
rules for the entries of T (u):

[Av(w), An(v)] = [By(u), By(v)] = [Cn(u), Cy(v)] = [Dy(u), Dy(v)] =0
(5.8)

[Ax (), Cy()] = %[CN(M)AN@) — Oy Ay ()] (5.9)

[Dy (), Cy(v)] = %[DNW)CN(:}) — Dy()Cy(w)] (5.10)
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a close look at the Lax operator considered in our case however reveals an inter-
esting feature, namely the non- existence of a pseudovacuum state— a feature also
shared by the well known Toda lattice. This prevents us from being able to apply
the techniqueof Algebraic Bethe Ansatz for deducing the spectrum of the model.
It is necessary therefore to take recourse to the so called analytical Bethe ansatz
which relies on the explicit construction of suitable polynomial expansions of the
elements of the monodromy matrix from its defining Eq. (5.3) (Whittaker and
Watson, 1958; Sklyanin, 1992). In the present case one finds by explicit multipli-
cation that

Ay@) = 0™ ™?)
Cy)=x;@™ " +..) (5.11)

N
Dy(u) =uy +1i (Z pkxk) ulN-! +...
K

Now let us denote by i1, (¢ = 1,2,3..., N — 1) the zeros of Cy(u) so that
Cy(iy) =0, a=1,2...N—1. (5.12)
This allows us to redefine the operator Cy () of (5.11) in the following form,

in terms of its zeros,

N-1

Cn(u) = % H(u — 1) (5.13)

a=l1

Next we define the operator 9 by left substitution u = i, into the operators
An(u) and Dy(u) i.e.,

07 = Ay(u = ), 0, = Dy(u=>10y), a=123....N—1 (514)

The zeros of Cy(u), i.e., {ﬁa}évz_ll together with {ﬁ;t}évz_ll may be shown to be

the separation variables of the eigen value problem. However note that the zeros of
Cy(u) provide us with only (N-1) “co-ordinates.” Hence it is necessary to identify
another pair of conjugate variables, as we are dealing with N lattice sites. We take
the following

N
iy=4% and by = ]‘[ﬁk;ek (5.15)
k=

The commutation rules (5.8)—(5.10) then allow us to derive the following
commutation relations:

liin, fg] = [N, 031 = [On, fle] = [Dy, 051 =0,
o o

a=12...N—-1 (5.16)
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lan, on] = indy, [0, dg] = Find, dup (5.17)

[0, 051 =0=1[0,, 0] (5.18)

In view of the above, we may employ Lagrange interpolation formulae to
rewrite the elements of the monodromy matrix in the following manner.

N-—1
Cn) = ay [ [ —dw) (5.19)
a=1
N—1N-1
Aywy =Y ]_[ — g o (5.20)
aml pra Mo T iip
N—1 N—1N-1
Dy(u) = <u~|—iﬁN+Zﬁa> H(u—ua)—i-z ]_[ 07, (5.21)
a=1 a=1 a=1 ﬂ;éa

Let us now consider the action of the transfer matrix on any symmetric
function ¢ (i1, éia, ... UN_1):

1)@y, fy, ... dn_1) = ANy, fy, . .. dy_1) + Dy@)@(@y, iz, ... diy_1)

NoIN-L s
=Y [l —"Lote@. aa. .. iy-p)
aml poa Mo T UB
N-1 N-1
+ ( +ity+ ) ua) [T - e, ta. .. ity—1)
a=1 a=1
N—-1N-1 N
u— /3 R
+ ~ —0, ¢y, s, ... lGN—1). (5.22)
a=1 B#a Uo — Up
Then the substitution u — i, gives

t({le)P(l1, o, ... A1) = 0 P(l1, Ao, ... lAn_1) + O, p(l1, 2, ... lin_1)
(5.23)

The actions of ﬁff on ¢(iiy, iy, ..., dy_1) can be understood from the com-
mutation relations (5.17) Hence

[0F. 1] = FindEdup
fy = (g Fin)dE
it follows that

0y P, g, ..., dy—1) = @iy, o, .. Ao Fin, ... An-1)0 . (5.24)
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Hence Eq. (5.23) now assumes the form
t(le)p(ly, lo, .. lN—1) = ¢, 2, ... g —in, ... 0AN-1)

+ @@y, foy .. g +in, ... dn_1)  (5.25)

If we now assume that ¢ (i1, iy, . . ., iy—1) is separable so that
N—1
¢y, o, .y + [ w(ia) (5.26)
a=1
we find that
N—1
1(le) l_[ Y(le) = {Y@) ... vlle —in) ... ¥v@y-1)}
a=1

+ @) .. Gy +in).. . Yy-1)}

which evidently leads to the following relation, namely

1)y W) =y —in)+ Y@ +in). (5.27)
Assuming further that ¥ (u) = [] e —uj) then leads to the conclusion that

(@) [ Ju—up =@ —in—up+]Jw+in—uy. (5.28)
J j j

The zeros u; of ¥ (1) may be determined by setting u = uy in (5.28) which
leads to the following set of equations determining them:

[ =t (5.29)
co U —Uj I
J#k

6. DISCUSSION

In this communication we have obtained a new hierar chy of discrete nonlin-
ear equations from the Lax operator (2.1). The explicit form of the equations for
the simplest case are given in (2.8). The system is observed to posses a standard
classical r- matrix structure, from which we have obtained an explicit form of clas-
sical Béacklund transformation for the system under consideration. It is important
to note that by the very manner of its construction, the Bicklund transformation
so obtained is also a canonical transformation being derivable from a generating
function whose explicit form is given in (3.12). We have then analysed the cor-
responding quantum version of such a canonical Bicklund transformation, which
gives rise to the notion of a Q operator. The representation of later being in the
form of an integral operator whose kernel and normalisation factor have being
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explicitly determined. Finally we have outlined the manner in which the spectrum
of the quantum mechanical version of the Lax operator may be deduced. It is nter-
esting to note that because the Lax operator does not have a pseudo vacuum state,
we have had to formulate the quantum inverse problem in terms of the Analytical
Bethe Ansatz rather than the usual algebraic procedure.
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